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Using a mean field theory on the von Neumann lattice, we study compressible anisotropic 
states around v = I -\- 1/2 in the quantum Hall system. The Hartree-Fock energy of the 
UCDW are calculated self-consistently. In these states the unidirectional charge density 
wave (UCDW) seems to be the most plausible state. We show that the UCDW is 
regarded as a collection of the one-dimensional lattice fermion systems which extend to 
the uniform direction. The kinetic energy of this one-dimensional system is induced from 
the Coulomb interaction term and the self-consistent Fermi surface is obtained. 



1 Introduction 



As summarized in the table below, the physics at the half-filled Z-th Landau level is 
drastically changed in the different Landau level space. In particular, the nature of 
the anisotropic states discovered in the third or higher Landau levels are unknown 
until now. At the half-filled lowest and second Landau levels, transition to the 
anisotropic state was also observed in the presence of the periodic potential or 
in-plane magnetic field, respectively. j^j^j^j^j^ 

The charge density wave state (CDW) EJId'CfQiJ is a candidate of the anisotropic 
state. We study the compressible charge density wave (CCDW) states, which has 
no energy gttf}, by the Hartree-Fock approximation using the von Neumann lattice 
formalism. Ij'LI 

There are two types of The CCDW states, the one is the unidirectional charge 
density wave (UCDW) state and the other is the compressible Wigner crystal 
(CWC) state. The UCDW state has a charge density which is uniform in one 
direction and oscillates in the other direction. The charge density of the CWC state 
has the same periodicity of the von Neumann lattice. The classification of the CDW 
is given in the next table. 
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2 Mean Field Theory on the von Neumann Lattice 

Let us consider the two-dimensional electron system in a perpendicular magnetic 
field B which is described by a Hamiltonian H = Hq + Hint, 

Ho^J dV^t(r)(P±^^(r), (1) 
Hint dPrdPr' : p{v)V{v - r')p(r') : . (2) 

where p(r) = '0Ur)V'(r), V x A = _B, and 

In the von Neumann lattice formalism, bQ the electron field is expanded as 
"(/^(r) — -jj- 6i(X)VFi^x(r), where h is an anti-commuting annihilation operator and 
X is an integer valued two-dimensional coordinate. The Wannier basis M^;,x(r)'s 
are orthonormal complete basis in the l-ih Landau level as (H^i,x(r), W;',X' (r)) = 
<Jn'<5x,X'- W^i,x(r) are localized at two-dimensional lattice sites mei ne2 for X = 
(m, n), where ei = [ra, 0), e2 = (a/r tan 6*, a/r), and a — ^j2Ti/eB. The area of the 
unit cell is ei x 62 = a^. We set a = 1 in the following calculation. 

The Bloch wave basis u;.p(r) =p|X]x ^',x(r)e*P''^ is another useful basis. We 
can obtain the charge density profiled of the CDW state using this basis. The lattice 
momentum p is defined in the Brillouin zone (BZ), \pi\ < tt. Using this basis, we 
obtain another expansion of the electron field as iplr) = J^i Ibz (27r)''^ "'(p)^'.p ('-')• 
The Fourier transformed density operator p(k) — J d^rp(r)e*'^ '" is written as 

'5(k)=E/ 7^akp + k)Af„Kk)e'/(P+''-P)a,(p), (3) 

where k = {k^/r,rky — k^/rtanO). The phase function / is given by /(p',p) = 
Jp (A(p) — VA(p)) • dp, where A(p) = {py/2'K, 0), which represents a uniform mag- 
netic field in the momentum space Vp x A(p) ~ — l/27r. The following boundary 
condition is required, e*-^(P+2'^N)-»A(p) ^ (_i)A'.+A'«g-«JV„p, ^ . integers. 

The matrix M;,,- is given by (f)^ (^^^^^) ^f' '^\^)<^~^ ^ ^r I < I' and 
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The free Hamiltonian Hq and interaction Hamiltonian Hint become 

Ho = Y,UJe{l + hblm{yi), (4) 

Hint = 1 Y,Z)&|^(X2)6,.(X'2) : 

where X = Xi - X'j, Y = X2 - X^, and Z = Xi - X^. Thus the system is 
translationally invariant on the lattice. V(k) = 27rg^/fc for k and V{0) = due 
to the charge neutrality condition. 

The Hamiltonian H is invariant under the transformation 5/(X) e'^ -'^6/(X), 
A(p) — > A(p + K) + KxPy. This transformation is the magnetic translation in the 
momentum space p — + p + K. This invariance is referred to as the K-invariance in 
the composite fermion model. 



3 Hartree-Fock energy for the CCDW states 

We consider only the intra-Landau level's energy of the l-ih Landau level. The 
mUng factor v is written afiv = l + v. Mean field t/((X', X) = (6j(X)fo,(X')) for the 
CCDW which has the translational invariance on the von Neumann lattice, that 
is, t/i(X - X') = C/i(X,X'), Ui{Q) = V. The Hartree-Fock Hamiltonian in the Z-th 
Landau level, then, becomes 



4'^= E C/KX-X0{^;(27r(X-X'))-^;KX-X')}{6t(X)6KX')-^C/;(X'-X)}. 

X,X' 

(5) 

where i),(k) = {U{^)Ye-^V{V), vi{X) = / ^£.;(k)e*-^, and X = (rm + 
n/rtan6,n/r) for X = (m,n). Thus the continuum system with a magnetic field 
is transformed to the lattice system without a magnetic field! 

The self-consistency equations for the kinetic energy si is given by ei(jp,v) = 
Ibz (2/)a ^P^(p^ ~ PWifJ-i — ^i{p'ii^))i where /i; is the chemical potential and wp^ 
is defined by vj^^{p) = ^^{^((^''■(X)) — vi{'X.)}e~^P'-^. The energy per particle in 
the l-th Landau level is given by = ^ Ex \UiiX)\^{vi{2Tr±) - vi{±)}. E^^'> is 
a function of 9, r and 9. The parameters r and 6 are determined so as to minimize 
the energy E^'^^ at a fixed P. Existence of a Fermi surface breaks the K-invariance 
inevitably. There are two types of self-consistent Fermi seas. 

(a) Belt-shaped Fermi sea (UCDW state) : 

sin(pFn) _ 

Ul{K) = 6m,0 ^ -, PF = TTI/. (6) 

Trn 

(b) Diamond-shaped Fermi sea (CWC state for i> = 1/2) : 

2 sinf (w-^n) sinf (m-n) 
^HX) = -r^ 2 2 • (') 
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We calculated the Hartree-Fock energy for (a) and (b) at I < 4._As a result, we 
found that the UCDW state is the lowest energy state in all cases. 13 Therefore the 
UCDW state is the most plausible state in the CCDW states. 

Using the mean field of (a), the kinetic term in H^p is written as 

/dp 

•rii 

where ai,^{py) = E„ ^ (m,n). Therefore the UCDW state 

is regarded as a collection of the one-dimensional lattice Fermi-gas systems which 
extend to the y-direction. 

Using the Buttiker-Landauer formula, the conductance of the UCDW (Jxx = 0, 
Oyy — nx^, where Ux is a number of the one-dimensional channels. If we take 
axy = ve /2'!T^ the resistance becomes pxx = ^^3-7 Pyy = 0. Thus the formation of 
the UCDW leads the anisotropy in the magnetoresistance. 



4 Summary and discussion 

We have studied the CCDW state, which is gapless state and has an anisotropic 
Fermi surface. We obtained two types of the CCDW state, the UCDW state and 
CWC state. By calculating the Hartree-Fock energy, the UCDW is found to have 
a lower energy at the half-filled Landau levels. The UCDW state is regarded as 
a system which consists of many one-dimensional lattice Fermi-gas systems which 
extend to the uniform direction. Formation of this structure could be the origin of 
the anisotropy observed in experiments. Theoretical works to include fluctuations 
around the mean field solution are necessary. Since there is no energy gap in the 
CCDW state, the fluctuation effect might be large compared with the gapfuU CDW 
state. 
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